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Dipolar parity anomaly can be induced by spatiotemporally weak-dependent energy-momentum
separation of paired Dirac points in two-dimensional Dirac semimetals. Here we reveal topological
currents arising from this kind of anomaly. A corresponding lattice model is proposed to emulate the
topological currents by using two-component ultracold atoms in a two-dimensional optical Raman
lattice. In our scheme, the topological currents can be generated by varying on-site coupling between
the two atomic components in time and tuned via the laser fields. Moreover, we show that the
topological particle currents can directly be detected from measuring the drift of the center of mass
of the atomic gases.
I. INTRODUCTION
Topological states of quantum matter have been paid
significant attention in condensed-matter physics [1, 2]
and belong to a new classification paradigm based on
the notion of topological order [3, 4], which is distinctly
different from the states that are characterized by Lan-
dau theory based on spontaneous symmetry breaking [5].
In recent years, more and more interest have shifted from
gapped topological insulators or superconductors to gap-
less topological systems, including topological semimet-
als with Dirac points [6–8], Weyl points [9–18], Dirac
line nodes [19–25], as well as symmetry-protected Z2-
type gapless points [26, 27] and spin-1 Maxwell points
[28, 29].
On one hand, the topological electromagnetic re-
sponses have emerged as a hot topic of research on topo-
logical semimetals. For three-dimensional (3D) topolog-
ical Weyl semimetals, there exists a topological current
JW = b0B/4pi
2 arising from the chiral magnetic effect
in the presence of the energy separation of paired Weyl
points b0 and the external magnetic field B [30], which
has been virtually simulated with superconducting quan-
tum circuits in 3D parameter space [31]. Another kind
of topological responses is induced by the so-called ax-
ial gauge fields coupling with opposite signs to Weyl
fermions of opposite chirality, which emerge due to spa-
tially and temporally dependent separations of a pair
of Weyl points in energy-momentum space [32–36]. In
two-dimensional (2D) graphene, similar gauge fields cou-
pling with opposite signs to each Dirac point (valley) can
emerge from an external strain field [37]. Unlike Weyl
points in Weyl semimetals, the topologically stable Dirac
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points in 2D systems should be protected by certain ro-
bust kinds of symmetry. Therefore, topological responses
(currents) in 2D Dirac semimetals related to quantum
anomalies remain unclear. Notably, a topological edge
current may be obtained from time-dependent elastic de-
formations in gapped graphene preserving time-reversal
symmetry [38], which lies on a mixed Chern-Simons term
in the effective action that involves the electromagnetic
and the elastic vector potentials.
On the other hand, ultracold atoms in optical lattices
provide a powerful platform to simulate various quantum
states of matter due to their high flexibility and control-
lability [39–43]. Remarkably, various topological systems
have been realized and measured with ultracold atoms,
such as the Hofstadter model [44, 45], Haldane model
[46], 2D spin-orbit-coupled systems with Dirac points [47]
and with nonzero Chern numbers [48, 49], and the chiral
edge states [50]. Moreover, several schemes have been
proposed to realize various topological semimetal bands
[51–57] and artificial (axial) gauge fields [36, 58, 59] with
cold atoms in optical lattices. However, feasible cold-
atom schemes for the experimental realization (simula-
tion) and detection of topological currents are still badly
needed.
In this paper, we reveal a distinct kind of topolog-
ical currents of dipolar parity anomaly in 2D Z2-type
semimetals possessing a joint space-time inversion (PT )
symmetry [27]. Such topological currents in the bulk
are induced by the spatiotemporally dependent energy-
momentum separation of paired Dirac points, which leads
to an effective gauge field that can be viewed as a 2D ana-
log of axial gauge fields.We also propose a tunable lattice
model, which is theoretically able to generate pure topo-
logical currents and is realizable by using two-component
ultracold atoms in a 2D optical Raman lattice. In the
proposed optical lattice system, the topological currents
can experimentally be generated by varying on-site cou-
pling between the two atomic components in time and
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2tuned via the applied laser fields. Furthermore, we show
that the topological particle currents can directly be de-
tected from measuring the drift of the center of mass of
the atomic gas.
The rest of the paper is organized as follows. In Sec.
II, we present the general results of topological currents
in 2D Dirac semimetals. Section III introduces the tight-
binding model for realizing tunable topological currents
with cold atoms in a 2D optical Raman lattice. In Sec.
IV, we propose schemes for detecting the topological par-
ticle currents in the optical lattice. Finally, a brief dis-
cussion and a short summary are given in Sec. V.
II. TOPOLOGICAL CURRENTS IN 2D DIRAC
SEMIMETALS
We consider a 2D Dirac semimetal system with a single
pair of Dirac points k±D, as shown in Fig. 1(a). The low-
energy effective Hamiltonian of the system reads
Heff = kµγµ − bµγµτz (1)
with µ = 0, 1, 2, where γµ are the Gamma matrices
defined here in the (2+1) dimension of space-time as
γ0 = σ0τ0, γ
1 = σ1τ0, and γ
2 = σ2τz, with σµ being
the Pauli matrices acting on the (pseudo-)spin states at
each Dirac cone, while τ0 and τz belong to the other set of
Pauli matrices acting on the two cones. The dipole mo-
mentum bµ denotes the separation of paired Dirac points
in the energy-momentum space. More specifically, here
2b0 denotes the energy separation and one can define the
vector b = (b1, b2) = (k
+
D − k−D)/2 denoting the momen-
tum separation, with an example shown in Fig. 1(a).
When the system is coupled with an external (effective)
electromagnetic field Aµ, the effective action gives rise to
a topological term,
Stop = i
ˆ
dx3µνρbµ∂νAρ/(2pi). (2)
See a derivation in Appendix A. The response current
can be obtained by taking the functional derivative of
the anisotropic Chern character term,
Jµ = δStop/δAµ = 
µνρ∂νbρ. (3)
This implies a topological current (see Appendix A)
JD =
1
2pi
(∇b0 − ∂τb)× eˆz, (4)
and the corresponding particle density is ρD = (∇× b) ·
eˆz/(2pi), where ~ = e = c = 1 is set for briefness and τ
denotes time. Obviously, the topological current JD is
dependent solely on dipole momentum bµ, which plays a
similar role as the gauge field Aµ → (b0,b). The above
current stems from a pair of topologically protected Dirac
points in 2D, which is different from that caused by the
parity anomaly of a single Dirac point (see Appendix A),
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FIG. 1: (a) A sketch of the dipole momentum bµ = (b0,b)
of paired Dirac points in energy-momentum space for b1 = 0,
where bµ is a function of space and time. The Dirac points k
+
D
and k−D are, respectively, in blue and red Dirac cones, with ±
denoting the two opposite parity signs. (b) A sketch of the
topological current induced by the dipolar parity anomaly JD
from a weak time-dependent b perturbation.
and thus may be called topological currents of dipolar
parity anomaly.
In contrast to the conventional currents that are paral-
lel to the induced effective electric field Eeff = ∇b0−∂τb,
here the pure topological currents are perpendicular to
Eeff, similar to the anomalous Hall current arising from a
single Dirac point having the corresponding local Berry
curvatures. However, the total anomalous Hall currents
contributed from a paired Dirac points will be vanishing
in this 2D semimetal system as they carry the opposite
Berry curvatures. To the best of our knowledge, this
kind of pure topological currents have never been probed
experimentally. Although the topological current is de-
rived from an effective field theory of 2D Dirac semimet-
als under external electromagnetic fields, it can still be
illustrated as the particle current in neutral atom sys-
tems with the same spatiotemporally dependent Dirac
dipole momentum. Notably, when there are multipairs of
Dirac points in the system, the total induced topological
current equals to that takes the sum of currents arising
from each pair of Dirac points [31]. The topological cur-
rent given by Eq. (4) is general to 2D Dirac semimetals
with the low-energy effective Hamiltonian in Eq. (1),
which can be realized in actual graphene or artificial
Dirac systems. In the following section, we propose a
2D Dirac Hamiltonian with the PT -symmetry-protected
Dirac points, which is realizable with cold atoms in opti-
cal lattices and thus enables us to simulate tunable topo-
logical currents of dipolar parity anomaly.
III. REALIZATION IN AN OPTICAL RAMAN
LATTICE
We now turn to the realization of the topological par-
ticle current JD with cold atoms in a 2D optical lattice,
which can be created by slowly space varying b0 and/or
time varying b, such that the adiabatic approximation is
valid for the topological features of the considered bands.
For simplicity but without loss of generalization, here we
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FIG. 2: (a) A sketch of Raman lattice potential V R (x, y) as
a function of y and x (in units of ax and let V
R
0,x = V
R
0,y). The
green rings region denote the Raman lattice site [minimal Ra-
man lattice potential V RMin (x, y)] and the red rings denote the
site with potential V R (x, y) = −V RMin (x, y) < V RMax (x, y).
Moreover, the orange ovals denote the optical lattice site
(xi, yj), where the i and j is the shorthand notation of xi
and yj , respectively. The orange and light-blue arrows de-
note the laser beams, which are used to construct the opti-
cal lattice and Raman lattice, respectively. From V R (x, y),
we easily find V R (x, y = yj) = −V R (x+ ax, y = yj) as well
as V R (x, y ≈ yj) ≈ −V R (x+ ax, y ≈ yj) and V R (x, y) =
V R (x, y + ay). Two typical topological band structures (hav-
ing one or two pairs of Dirac points) are showed in (b) and
(c), where the Dirac points are denoted by k±D,1/2 and the ±
denote the different chiralities. The parameters are (b), (c)
δt = 0.32 and (b), [(c)] λ (τ) = 1.2 [λ (τ) = 0.48], correspond-
ing to the point of blue (red) lines with τ ∼ 17.7 or 49.1 in
Fig. 3(a).
focus on generating JD from time-dependent b in the
corresponding lattice system, as shown in Fig. 1(b). In
addition, since a pair of Dirac points denoted by τz in the
four-component low-energy effective Hamiltonian in Eq.
(1) is decoupled, we can simply work on a two-component
2D Dirac (graphenelike) Hamiltonian. To do this, we
consider the following Bloch Hamiltonian on the 2D lat-
tice:
H (k) = sin (kxax)σ1 + [λ(τ)− δt cos (kxax)
− cos (kyay) ]σ2 + f (k)σ0, (5)
where ax (ay) is the lattice length in the x (y) direction,
λ(τ) denotes a time-dependent on-site coupling between
the two atomic components, δt is a hopping parameter,
and f (k) is an arbitrary function.
According to the theory of joint space-inversion (P )
and time-reversal (T ) invariant topological gapless bands
[27], H(k) supports a nontrivial class of node points with
Z2 topological charges. The topological stability of the
system only relies on the PT symmetry with the operator
Aˆ = Pˆ Tˆ = σ1Kˆ, independent of the individual Pˆ = σ1Iˆ
and Tˆ = KˆIˆ here, with Iˆ inversing the wave vector k to
−k and Kˆ the complex conjugate operator. For H(k), it
is obvious that the individual P and T symmetries are
broken, but the joint PT symmetry is preserved. Here
we wish to pinpoint that the topological currents arising
from any dipole of Dirac points in this lattice Hamilto-
nian system take the same formula as that for another
dipole [i.e., Eq. (4)] derived from the aforementioned
continuum model Heff because of the topological equiva-
lence between the two dipoles.
The real-space Hamiltonian H corresponding to the
Bloch Hamiltonian H(k) is given by (see Appendix B)
H=
itx
2
∑
j
[
aˆ†j+ex,↑aˆj,↓ + aˆ
†
j+ex,↓aˆj,↑
]
+i
δt
2
∑
j
[
aˆ†j+ex,↑aˆj,↓ − aˆ
†
j+ex,↓aˆj,↑
]
+
ity
2
∑
j
[
aˆ†j+ey,↑aˆj,↓ − aˆ
†
j+ey,↓aˆj,↑
]
−iλ(τ)
∑
j
aˆ†j,↑aˆj,↓ +
∑
j,σ,η
t′0,ηaˆ
†
j+eη,σ
aˆj,σ + H.c., (6)
where tx = ty = t [t ≡ 1 in Eq. (5)] denotes the spin-
flip hopping for spin states σ =↑, ↓, and t′0,η denotes
the spin-independent natural hopping along the η axis
with η = x, y. A challenge for realizing this Hamilto-
nian with neutral atoms is to implement the spin-flip
hopping, which acts as the effective 2D spin-orbit cou-
pling. In general, the required spin-flip hopping terms
may be achieved in a 2D optical Raman lattice [48]. Par-
ticularly, they can be formed by simultaneously applying
two pairs of light beams via two-photon Raman coupling
with the lattice potential V L (x, y) and Raman potential
V R (x, y). A similar Raman lattice scheme was proposed
[48] and realized in the experiment [49].
For realizing our lattice model, we can choose the lat-
tice potential as
V L (x, y) = V L0,x cos
2 (pix/ax) + V
L
0,y cos
2 (piy/ay) ,
and the Raman potential as
V R(x, y)= i
{
V R0,x cos (pix/ax) +V
R
0,y[cos (2piy/ay) + 1]
}
.
The sketch of the Raman potential is shown in Fig. 2(a)
with ay = 2ax. In addition, the on-site coupling between
two atomic components λ(τ) in Eq. (6) can be achieved
and tuned by one-photon Raman coupling (via radio-
frequency or microwave fields) with the time-dependent
Rabi frequency [60]. For the optical Raman lattice un-
der tight-binding approximation, the system can be ef-
fectively described by the Hamiltonian H in Eq. (6). See
Appendix B for more details of the optical Raman lattice
and the hopping strengths.
In this optical lattice, the number of pairs of Dirac
points can be controlled by adjusting the values of λ (τ)
and δt (see Appendix C). If λ (τ) > 1 + δt or λ (τ) <
−(1 + δt), the band is gapped without Dirac points and
thus JD = 0. If −(1 − δt) < λ (τ) < 1 − δt, there are
40.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35
-0.08
-0.06
-0.04
-0.02
0.00
0 10 20 30 40 50 60
-0.004
-0.002
0.000
0.002
0.004
(a)
J D
t
dt
(b)
J D
0.05 0.15 0.25
0
4
8
FIG. 3: The topological current JD (in units of t/ay) for the
slowly periodically driving case with λ = 0.2 in (a) and (b).
We set ω  1 and λ(τ)−λ0/2 1 for ∀τ . λ0 = 2.44, 1.0 are
denoted by blue and red dashed lines, respectively. In (a), the
red and blue lines denote JD for two pairs and a single pair of
Dirac points, respectively, with ω = ωmax = 0.1 and δt = 0.32.
In (b), JD as a function δt with τ = 10.0 is shown. The red
line denotes the case with two pairs of Dirac points, while the
blue line represents the case undergoing a topological phase
transition from the trivial state to the nontrivial state (a pair
of Dirac points); the discontinuity of the topological currents
JD reflects this topological phase transition. The inset is an
enlarged figure of JD.
two pairs of Dirac points denoted as k±D,1 = (0,±ky,1)
and k±D,2 = (pi,∓ky,2), where ky,1 = arccos [λ(τ)− δt] /ay
and ky,2 = arccos [λ(τ) + δt] /ay, respectively. The cor-
responding dipole momenta are 2b1 = k
+
D,1 − k−D,1 =
(0, 2ky,1), 2b2 = k
+
D,2 − k−D,2 = (0,−2ky,2), 2b0,1 =
f
(
k+D,1
)
− f
(
k−D,1
)
, and 2b0,2 = f
(
k+D,2
)
− f
(
k−D,2
)
.
The topological current can be written as JD= J
−
D+J
+
D,
where the two contributions are given by
J±D = ∓λ′(τ)/{2piay[1−(λ(τ)±δt)2]1/2}eˆx, (7)
with λ′(τ) = ∂λ/∂τ . Here, we set b0,1/2 = 0 since f (k)
(even function) only includes the spin-independent hop-
ping. If 1 − δt < λ (τ) < 1 + δt [−(1 + δt) < λ (τ) <
−(1 − δt)], there is only one pair of Dirac points k±D,1
(k±D,2) and the topological current is JD = J
−
D (J
+
D). Two
typical bands with one and two pairs of Dirac points are
shown in Figs. 2(b) and 2(c), respectively.
For generating experimentally tunable topological cur-
rents, we consider a typical form of λ(τ): the time-
periodical driving λ(τ) = λP (τ) = λ cos (ωτ) /2 + λ0/2
with frequency ω, noting that the concrete form of
λ(τ) is not important for generating the topological
currents. Importantly, the time-dependent term must
change slowly enough to avoid breaking the band struc-
ture. One can set λ/2| (cos(ωτ + ωT0)− cos(ωτ)) |  t
with T0 = 1/t being satisfied, such that λP (τ) can be
considered as a quantity which changes slowly in time.
Here ωT0 = ω/t  1 is required to avoid resonance
absorption for the atom-laser coupling field. Typically,
we can set ωmaxT0 = 0.1 and λmax = 0.2t, such that
| (cos(ωτ + ωT0)− cos(ωτ)) | ≤ 0.1 and |λ(τ + T0) −
λ(τ)|max = 0.01t  t. For the time-periodical driving
case, the parameters λ, ω, and τ are the compact nota-
tions of λ/t, ωT0, and τ/T0, respectively, which are used
to calculate JD. In this notation, JD takes the unit of
t/ay. The typical topological currents JD in this case
are shown in Figs. 3(a) and 3(b). For λP (τ), one can
regulate the number of the pairs of Dirac points through
driving the system. The discontinuity of JD shown in
Fig. 3(b) is due to the change of the number of paired
Dirac points. This indicates the Lifshitz transition in the
system and means that one can induce the transition by
adjusting the driving parameters.
IV. DETECTION SCHEMES
To observe this topological current in realistic experi-
ments, we consider typical energy scales for several phys-
ical quantities. For cold alkali atoms trapped in the
optical lattice, the typical recoil energy ER/(~ × 2pi)
is about several kHz [61], and the typical hopping am-
plitude t is changed in the region (0, 0.1ER). The co-
herence time of cold atom systems is typically around
τcoh ∼ 100ms. Thus, the intrinsic timescale of the lat-
tice system is T0 = ~/t = (1, 10, 100, 1000)ms, corre-
sponding to t = (1000, 100, 10, 1)Hz. The bosonic or
fermionic atoms can be loaded in the optical Raman lat-
tice, and we assume the bosons as used in the experiment
[49]. The critical temperature of typical Bose gases is
about 10 − 100nK. When the trapping potential satis-
fies V L0,x/y
>∼ 5Ex/yR , the system is well described within
the tight-binding approximation [61]. The bandwidth
W ≈ 4 (t′0,x + t′0,y + tx + ty) is several kHz (the corre-
sponding temperature is several-hundred nK) for the 2D
systems, where t′0,x/y is the amplitude of normal hopping.
Thus, if the temperature of the system is about several
hundred nK (the same level of bandwidth W ), we can
assume the bosonic atoms will be an incoherent homo-
geneous distribution within each band in k space [45]
(each k can be equally filled). Under these conditions,
the topological current can be detected via measuring
the drift of the center of mass of the atomic cloud along
the x direction, although it is not straightforward to per-
form conventional transport measurements in cold-atom
systems.
The drift measurement can be achieved in the same
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FIG. 4: The drift of the center of mass ∆xc = xc(τ)−xc(τ =
0) (in units of ax) as a function of τ in the x direction are
shown by taking ρ = 0.01(ayax)
−1. The parameters for blue
and red dashed lines are the same as those in Fig. 3(a). Here
the parameters for the red transparent thick line are the same
as the others color lines except δt, where δt is 0 (0.32) for the
red transparent thick line (the others lines). It is clear that
there is no drift of the center of mass ∆xc for δt = 0, even
though there are two pairs of Dirac points (due to the cur-
rent cancellation from the two pairs). Thus this nonvanishing
∆xc feature may be taken as an experimental signature for
topological currents of dipolar parity anomaly.
way as that in the experiment in Ref. [45], but without
an external effective force since the topological currents
arise from the time-varying fields here. The drift veloc-
ity reads vc = JD/ρ, where ρ denotes the average density
of the atomic gas and is assumed invariable within the
coherence time. Thus the atomic center-of-mass displace-
ment reads xc(τ) =
´
JDdτ/ρ, which directly reveals the
features of JD. The typical results of the drift of the
center of mass ∆xc = xc(τ)− xc(τ = 0) as a function of
time τ are shown in Fig. 4 for the periodical driving case
with ρ = 0.01(ayax)
−1 [see Fig. 3(a) for the correspond-
ing JD]. In Fig. 4(a), the dashed blue lines indicate the
maximum drift of |∆xc|. To detect JD for the hopping
amplitude t ∼ 1kHz, one requires the particle density
ρ < 0.1 (ayax)
−1. This can be achieved by setting the
particle number N <∼ 1000 for the typical optical lattice
of size 100ax×100ay. For ρ = 0.1, 0.05, 0.01(ayax)−1, the
corresponding maximum displacement of |∆xc| is about
1ax, 2ax, 10ax with τ ∼ 31.4ms, which can be well mea-
sured in cold-atom experiments [45].
An alternative detection method is to use an atomic
gas of two wave packets prepared near the paired Dirac
points and then to observe the topological response from
the dipolar parity anomaly, via the same dynamical
(in situ) density measurements [45]. For the consid-
ered time-varying perturbation that is uniform in space,
the semiclassical dynamics of the wave packets that are
centered at rc (real space) and kc (momentum space)
can be described by the equations of motion [36, 62]:
r˙c = ∇kεk −Ωkkk˙c −Ωkt +Eeff × eˆz and k˙c = 0, where
εk is the energy dispersion, and Ωkk and Ωkt are (gener-
alized) Berry curvatures. Since the Berry curvatures are
opposite near a pair of Dirac points, the terms with re-
spect to Ωkk and Ωkt have vanishing total contributions
in the real-space motion of the atomic gas. Finally, the
contribution from the term Eeff × eˆz as the topological
response can be extracted (isolated) by factoring out the
effect of the group velocity ∇kεk in the dynamics. This
can be achieved by simply subtracting the responses of
two protocols with opposite Eeff (i.e., ∂τb in this case),
similar to the differential measurements of atomic center-
of-mass shifts in Ref. [45].
V. DISCUSSION AND CONCLUSION
Before concluding, we note that the topological current
JD is protected by the joint PT symmetry, which can
also be tested in experiments. If we add the P and/or T
broken perturbation term, such as H′ =  sin(kyay) with
a small value , JD is not destroyed. If we add the PT -
symmetry-broken term, such as σz in this system, the
bands will be gapped and then JD will disappear.
In a realistic cold-atom system with an external har-
monic trap, one should consider the mixture of the prop-
agating edge modes and the bulk currents [63], if they
have contributions along the same axis. In our proposed
cold-atom system, the edge currents in the 2D system
can only propagate along the particular direction of an
effective external force, but the intrinsic pure topological
currents in the bulk can be tuned to be perpendicular and
then be isolated from the edge currents. For the case of
a paired of Dirac points shown in Fig. 1, the possible
edge currents can only propagate in the metallic edges
along the y axis, while the topological currents in the
bulk are along the x axis. Furthermore, in the center-
of-mass measurements, the wave packet of an atomic gas
can be prepared in the center of the 2D optical lattice
in the presence of the harmonic trap, such that the edge
effects can be neglected in the dynamical response when
the wave packet does not reach the trap edge. As shown
in Fig. 4, the length scale of atomic drifts is about several
lattice sites within the timescale about 30 ms, which can
be achieved in realistic experiments.
In summary, we have revealed an exotic kind of topo-
logical currents arising from the dipolar parity anomaly
in the presence of the spatiotemporally weak-dependent
energy-momentum separation of paired Dirac points in
2D PT -symmetric semimetals. In particular, we have
proposed an experimentally feasible scheme to realize and
detect this kind of topological particle currents with ul-
tracold atoms in a 2D optical lattice. The present scheme
is quite promising for realizing the first experimental de-
tection of topological currents of dipolar parity anomaly.
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Appendix A: Topological Currents arising from
dipolar parity anomaly
This novel topological current JD can be caused by the
action S = i
´
dx3µνρbµ∂νAρ/2pi, where Aµ represents
the corresponding component of the electric-magnetic po-
tential, and µνρ is the antisymmetric tensor. The details
of how to obtain the topological current JD are presented
below. One may start with the graphenelike effective
Hamiltonian that reads Heff = kµγµ − bµγµτz. When
the system is coupled with an external electromagnetic
filed Aµ, the effective action Seff can be written as
Seff = ln det(i /D− /bτ z). (A1)
Here D is the gauge covariant derivative: Dµ = ∂µ +Aµ,
and the symbol “/” denotes the inner product of the
vector and the Gamma matrices (namely, /b = bµγ
µ) in
the (2+1) dimension of space-time. We first regularize
the effective action through the Pauli-Villars method,
SRegeff = tr ln det(i /D− /bτ z + mσz), (A2)
where mσz is the regularization mass term. After a
straightforward expansion, we can obtain
Seff [A,M ]=tr ln (i/∂ + mσz) + tr
(
1
i/∂ + mσz
(/A− /bτ z)
)
+
1
2
tr
(
1
i/∂ +mσz
(/A− /bτ z)
× 1
i/∂ +mσz
(/A− /bτ z)
)
+ · · · . (A3)
Also, what concerns us is only the quadratic term. Ac-
cordingly, we restrict our attention to the terms b ·Π ·A
and A ·Π · b, which contribute to effective action equally.
Since only the vacuum polarization graph and the tri-
angle graph are ultraviolet divergent, the only term of
concern should be the third one, which is quadratic in
the gauge field A. The third term gives
Stop =
ˆ
d3p
(2pi)3
bµ(−p)Πµν(p)Aν(p), (A4)
and
Πµν(p) = 4mµνρpρ
ˆ
d3p
(2pi)3
1
((p+ q)2 +m2)(q2 +m2)
∼ 1
2pi
sgn(m)µνρpρ. (A5)
After a straightforward, but lengthy and tedious calcula-
tion, the anisotropic term is finally obtained
Stop = ± i
2pi
ˆ
d3xµνρbµ∂νAρ. (A6)
Since the sign does no harm in the effective action, one
arrives at a compact form,
Stop =
i
2pi
ˆ
d3xµνρbµ∂νAρ (A7)
Let us consider the response under an external electro-
magnetic field A. The response current of topological
semimetals can be easily obtained by taking the func-
tional derivative of the anisotropic Chern character term
[as shown in Eq. (A7)] with respect to the electromag-
netic field A. Accordingly, one finds
Jµ =
δ
δAµ
Stop =
1
2pi
µνρ∂νbρ, (A8)
which implies
ρD =
1
2pi
(∇× b) · eˆz, (A9)
JD =
1
2pi
(∇b0 − ∂tb)× eˆz (A10)
where ρD is the density and the corresponding current
is JD. Here, the first term in JD depends upon the spa-
tial gradient of difference in energy between two Dirac
points, while the second one depends on the time deriva-
tive of the span in momentum space between two Dirac
points. In particular, it should be noted that there is no
dependency on the original gauge field A.
Meanwhile, as a comparison, one could evaluate the
response current of a single Dirac point coupled to an
electromagnetic field in a similar manner. The functional
derivative of the Chern-Simons term yields
Jµ =
δ
δAµ
SCS =
1
2pi
µνρ∂νAρ =
F
2pi
, (A11)
which implies
ρ =
1
2pi
(∇×A) · eˆz = B
2pi
, (A12)
J =
1
2pi
(∇A0 − ∂tA)× eˆz = 1
2pi
E× eˆz, (A13)
where B and E denote the magnetic field (z component)
and electric field, respectively. The formulas above indi-
cate that a Chern-Simons term would induce a transverse
conductivity in even dimensions. In topological semimet-
als, as a consequence of the emergence of the anisotropic
Chern character term, a new sort of response, where the
span of two Dirac points bµ plays the role of the gauge
field, emerges, as shown in Eq. (A10).
7Appendix B: The atomic spin-flip-hopping in the 2D
optical Raman lattice
If we can realize the real-space Hamiltonian as
H˜= itx
∑
j
[
aˆ†j+ex,↑aˆj,↓ + aˆ
†
j+ex,↓aˆj,↑
]
+iδt
∑
j
[
aˆ†j+ex,↑aˆj,↓ − aˆ
†
j+ex,↓aˆj,↑
]
+ity
∑
j
[
aˆ†j+ey,↑aˆj,↓ − aˆ
†
j+ey,↓aˆj,↑
]
−iλ(τ)
∑
j
aˆ†j,↑aˆj,↓ +
∑
j,σ,η
t′σaˆ
†
j+η,σaˆj,σ +H.c.,(B1)
where η = (ex, ey), σ =↑, ↓ and λ (τ) = ΩRF cos (ωτ)+Ω0
for periodical drive, then the nondimensionalized real-
space Hamiltonian H in Eq. (3) is realized by doing a
transformation H˜/(2tx) → H with tx = ty = 1. The
processes for spin-flip hopping in the x (y) direction [the
hopping process from the lattice site xj (yj) to site xj±ax
(yj ± ay)], the radio-frequency field induced on-site spin-
flip hopping and normal spin-independent hopping are
presented in Fig. 5. We only need to realize the processes
(a)–(c) in cold-atom systems; then the momentum space
H (k) is simulated since the processes of ↓←↑→↓ are only
the Hermitian processes of
∑
j (a) and (b).
The process (a) with δt = 0 requires that the Ωeff (x)
satisfy the constraint as V R (x, y) = −V R (x+ ax, y).
When we make the Raman lattice length meet the con-
dition aRx = 2ax, this requirement can be satisfied,
where ax is the lattice length of trapping the optical
lattice in the x direction. The process (b) requires
that the Ωeff (y) satisfy the constraint as V
R (x, y) =
V R (x, y + ay). If the Raman lattice length a
R
y is equal
to ay, the process (b) can be realized. If we can inde-
pendently control the Raman lattice and trapping lattice
respectively, we can simulate this momentum spaceH (k)
by choosing Raman potential V R (x, y) as
V R(x, y)= i
{
V R0,x cos
(
pix
ax
)
+ V R0,y
[
cos
(
2piy
ay
)
+ 1
]}
,
(B2)
and trapping lattice potential V L (x, y) as
V L (x, y) = V L0,x cos
2
(
pix
ax
)
+ V L0,y cos
2
(
piy
ay
)
. (B3)
Here the imaginary unit i in Eq. (B2) can be realized
by suitable tuning of the relative phase of the Raman
frequency Ω1Ω
∗
2. From Eqs. (B2) and (B3), we can eas-
ily obtain Raman lattice length aRx = 2ax (a
R
y = ay)
in the x (y) direction. In order to realize the Raman
potential easily, we can choose a square lattice as the
Raman potential, i.e., ay = 2ax. The lattice site xi can
be written as xi = (1/2 + i) ax and yj can be written
as yj = (1/2 + j) ay. The Raman potential V
R (x, y) as
a function of y and x is presented in Fig. 2(a). When

(c)
(b)
it it
(a)
-itx itx
jjj
j j j x -
 
y y
´
x
y
xax +ax
+yy - ay ay
FIG. 5: (a)–(c) The indicate the cartoon pictures of the spin-
flip hopping along the x and y directions, the radio-frequency
field induced on-site spin-flip hopping, and the normal spin-
independent hopping, respectively, where xj (yj) denotes the
lattice site along the x (y) direction and ax (ay) denotes the
lattice length along the x (y) direction. t′0,x is the amplitude
of normal spin-independent hopping along the x direction (we
do not show the y direction), and ∆ is the detuning of the
| ↑〉 state and | ↓〉.
y = yj , this Raman potential V
R (x, y) can easily meet
the request V R(x, y) = −V R(x + ax, y) (green (red)
rings in Fig. 2(a) when we choose x = (xi−1 + xi)/2
[x + ax = (xi + xi+1)/2]), which is the condition for
realizing the process (a) with δt = 0. Without loss
of generality, we choose the value of y approaching yj
as an example to analyze how can we realize the pro-
cess (a) with nonzero δt. If y is equal to yj ± δ,
process (a) with δt = 0 is not quantitatively satisfied
since the value of V R [x ∈ (xi−1, xi) , y = yj ± δ] is not
strictly equal to −V R [x+ ax, y = yj ± δ] when δ 6= 0.
This small deviation of V R [x ∈ (xi−1, xi) , y = yj ± δ]
with −V R [x+ ax, y = yj ± δ] has a significant contri-
bution for the realization of nonzero δt. On the other
hand, approaching the lattice xi, the Raman potential in
the x direction is antisymmetrical (cos [pi(xi + δ)/ax] =
− cos [pi(xi − δ)/ax]), whereas the Wannier functions are
symmetrical for x = xi ± δ, and thus the contribution of
the Raman potential V R0,x cos (pix/ax) in the y-direction
hopping is zero. This means that the hopping amplitude
in the y direction is independent of the site xi. The pro-
cess (b) is always satisfied for all value of y since the
Raman potential satisfies V R (x, y) = V R (x, y ± ay) and
the hopping amplitude in the y direction is independent
of site yi. Thus, if we can realize those specific Raman
and lattice potentials, which are presented in Eqs.(B2)
and (B3), the real-space Hamiltonian H can be realized.
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l 
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(b)
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FIG. 6: (a) The solid lines denote tx = ty and the dashed
lines denote the δt = 0.32tx, which have been chosen to
calculate the topological current JD and the corresponding
drifting of center mass xc; the orange, red, black, blue,
and magenta lines denote the values of trapping potential
V˜ L0,x = 4, 5, 6, 7, 8, respectively. (b) δt/tx as a function of m
and l with V˜ L0,x = 5.
In consequence, it will cause the existence of these topo-
logical currents of dipolar parity anomaly JD in the 2D
optical lattice.
In order to calculate the hopping amplitude qualita-
tively, we can use the harmonic approximation at the
minimum trapping potential point [64, 65], and thus the
Wannier function in the x and y directions can be written
as
w(x− xi) =
(
V˜ L0,x
) 1
8
(
pi
a2x
) 1
4
exp
[
−pi
2
2
√
V˜ L0,x
(x− xi)2
a2x
]
,
(B4)
(a)
(b)
FIG. 7: tx as a function of trapping potential V˜
L
0,x and Raman
potential V˜ R0,x takes the unit of kHz for (a)
87Rb and (b)
23Na. In these regions, the maximum drifting of the center
of mass ∆xc, which is presented in Fig. 4, will be observed
within the coherent time τcoh. The trapping laser wavelength
is λ = 790.1nm and recoil energy is ExR = (kx)
2~2/(2M)
(ExR = ~× 2pi× 3.68kHz for 87Rb and ExR = ~× 2pi× 13.9kHz
for 23Na), where kx = 2pi/λ is the recoil momentum [66].
and
w(y − yi) =
(
V˜ L0,y
) 1
8
(
pi
a2y
) 1
4
exp
[
−pi
2
2
√
V˜ L0,y
(y − yi)2
a2y
]
,
(B5)
respectively, where V˜ L0,x/y = V
L
0,x/y/E
x/y
R is the di-
mensionless optical lattice depth in unit of E
x/y
R and
E
x/y
R = ~2k2x/y/2m(kx/y = 2pi/λx/y, λy = 2λx = 4ax)
is the recoil energy. The spin-flip hopping term in-
duced by the Raman field takes the form t(i,j),(↓,↑) =´
w∗↑ (r− ri)V R (x, y)w↓ (r− rj) dr. After some lengthy
9but straightforward calculations, the explicit form of the
spin-flip hopping term in the x and y directions can be
written as tx(i,j),(↓,↑) = ±itx + iδt (for j = i ± 1) and
ty(i,j),(↓,↑) = ity, where ± is corresponding to j = i + 1
and j = i−1. Here the forms of tx, δt, and ty are written
as
tx = V
R
0,x exp
−pi2
√
V˜ L0,x
4
 exp
− 1
4
√
V˜ L0,x
, (B6)
δt = V
R
0,yexp
−pi2
√
V˜ L0,x
4
1−exp
− 1√
V˜ L0,y
 , (B7)
ty = V
R
0,yexp
−pi2
√
V˜ L0,y
4
1 +exp
− 1√
V˜ L0,y
 . (B8)
By taking the units of V R0,x and V
L
0,x, we have V
R
0,y =
mV R0,x and V
L
0,y = lV
L
0,x. Moreover, the normal hopping
t′0,x/y can read as
t′0,x/y = E
x/y
R
4√
pi
(
V˜ L0,x/y
)3/4
exp
[
−2
√
V˜ L0,x/y
]
(B9)
which is the solution of the 1D Mathieu equation [61].
When ty = tx, the value of δt/tx is an important pa-
rameter which impacts the value of topological current
JD. Thus, we show ty = tx and δt/tx as a function of
l and m for given V˜ L0,x in Figs. 6. From Fig. 6(a), the
curve ty = tx changing with the value of V˜
L
0,x is not dis-
tinct. So, we chose V˜ L0,x = 5 as an example to show δt/tx
as a function of l and m. From Figs. 6, we easily know
that δt/tx = 0.32 with tx = ty can be realized in the
experiment. In order to clearly detect this novel topolog-
ical current JD under current experimental conditions,
we want to observe the maximum drifting of the center
mass xmaxc within the coherent time τcoh. This means
that the measuring time τ ∼ 31.4T0, which is the time
for the center of mass moving from |xc|min to |xc|max,
must be smaller than τcoh ∼ 100ms. In Fig. 7, we show
the range of possible values of trapping potential V˜ L0,x
and Raman potential V˜ R0,x for
87Rb [see Fig. 7(a)] and
23Na [see Fig. 7(b)]atom systems, in which the measur-
ing time τ is smaller than the coherent time τcoh and the
drifting of the centre of mass ∆xc is the largest. Further-
more, if ρ < 0.02(axay)
−1, ∆xc can be detected for both
cases (having one or two pairs of Dirac points), where
the the measurement accuracy of ∆xc is about ax. For
the case of ρ = 0.01(axay)
−1, if the parameters of the
systems are chosen with the same value of the param-
eters as the blue dashed line presented in Fig. 4, the
experimenters can verify the JD existence within a very
short time, τmin = 2T0 (within 2T0, the corresponding
∆xc = ax). The range of possible values of the Raman
potential V˜ R0,x (V˜
R
0,x > 0.18 for
87Rb and V˜ R0,x > 0.05
for 23Na) for 87Rb and 23Na atom systems is dramat-
ically expanded, in which the experimenters can verify
the JD existence with the corresponding measuring time
τmin ≤ τcoh.
1-     - (1-    )   1+- (1+    )
FIG. 8: The sketch of the solution of Eqs. (C2) and (C3)
Appendix C: Tuning the number of pairs of Dirac
points
For momentum-space Hamiltonian
H (k) = sin (kxax) σˆx + [λ(τ)− δt cos (kxax)
− cos (kyay) ] σˆy + f (k) σˆ0, (C1)
the Dirac points can be obtained by the solution of equa-
tions sin (kxax) = 0 and λ(τ)−δt cos (kxax)−cos (kyay) =
0. It is easy to know the solutions in the kx direction,
which can be written as kDx = 0, pi, and the ky direction
solutions kDy must satisfy the equations
− 1 ≤ λ (τ)− δt ≤ 1, (C2)
and
− 1 ≤ λ (τ) + δt ≤ 1, (C3)
with 1 > δt > 0. It is found that the solution of Eq. (C2)
is
− (1− δt) ≤ λ (τ) ≤ 1 + δt, (C4)
and the solution of Eq. (C3) is
− (1 + δt) ≤ λ (τ) ≤ 1− δt. (C5)
There are four different cases, which are presented at
follows: in the first case λ (τ) > 1 + δt or λ (τ) < −(1 +
δt) (see the region of the black lines in Fig. 8), there
are no Dirac points in systems. In the second case (1 −
δt) < λ (τ) ≤ (1 + δt) (see the region of the cyan line in
Fig. 8), there is only one pair of Dirac points, which is
denoted as kD,1 = (0,±ky,1). In the third case −(1 −
δt) < λ (τ) < (1− δt) (see the region of the green dashed
line in Fig. 8), there are two pairs of Dirac points, which
are denoted as k±D,1 = (0,±ky,1) and k±D,2 = (pi,∓ky,2).
In the fourth case −(1 + δt) < λ (τ) < −(1 − δt) (see
the region of the purple line in Fig. 8), there is only
one pair of Dirac points, which is denoted as kD,2 =
(pi,±ky,2). Thus, the number of pairs of Dirac points can
be regulated by changing the value of λ (τ). In Figs. 2(b)
and 2(c), we choose two typical points, δt = 0.32, and
λ (τ) = 1.2 or λ (τ) = 0.48, as two examples to reveal
this characteristic.
10
[1] M. Z. Hasan and C. L. Kane, Rev. Mod. Phys. 82, 3045
(2010).
[2] X. L. Qi and S. C. Zhang, Rev. Mod. Phys. 83, 1057
(2011).
[3] X. G. Wen, Adv. Phys. 44, 405 (1995).
[4] D. J. Thouless, M. Kohmoto, M. P. Nightingale, and M.
den Nijs, Phys. Rev. Lett. 49, 405(1982).
[5] P.W. Anderson, Basic Notions of Condensed Matter
Physics (Westview Press, Boulder, 1997).
[6] Z. K. Liu et al., Nat. Mater. 13, 677 (2014).
[7] M. Neupane et al., Nat. Commun. 5, 4786 (2014).
[8] S. Y. Xu et al., Science 347, 294 (2015).
[9] X. Wan, A. M. Turner, A. Vishwanath, and S. Y.
Savrasov, Phys. Rev. B 83, 205101 (2011).
[10] P. Hosur and X. Qi, C.R. Phys. 14, 857 (2013).
[11] O. Vafek and A. Vishwanath, Annu. Rev. Condens. Mat-
ter Phys. 5, 83 (2014).
[12] S. Y. Xu et al., Science 349, 613 (2015).
[13] B. Q. Lv et al., Phys. Rev. X 5, 031013 (2015).
[14] S. Y. Xu et al., Nat. Phys. 11, 748 (2015).
[15] L. S. Xie, L. M. Schoop, E. M. Seibel, Q. D. Gibson, W.
Xie, and R. J. Cava, APL Mater. 3, 083602 (2015).
[16] M. N. Ali, Q. D. Gibson, T. Klimczuk, and R. J. Cava,
Phys. Rev. B 89, 020505 (2014).
[17] G. Bian et al., Nat. Commun. 7, 10556 (2016).
[18] L. M. Schoop, M. N. Ali, C. Straßer, V. Duppel, S. S. P.
Parkin, B. V. Lotsch, and C. R. Ast, Nat. Commun. 7,
11696 (2016).
[19] C. Fang, Y. Chen, H.-Y. Kee, and L. Fu, Phys. Rev. B
92, 081201 (2015).
[20] C. K. Chiu and A. P. Schnyder, J. Phys. Conf. Ser. 603,
012002 (2015).
[21] Y. H. Chan, C. K. Chiu, M. Y. Chou, and A. P. Schnyder,
Phys. Rev. B 93, 205132 (2016).
[22] Y. Kim, B. J. Wieder, C. L. Kane, and A. M. Rappe,
Phys. Rev. Lett. 115, 036806 (2015).
[23] R. Yu, H. Weng, Z. Fang, X. Dai, and X. Hu, Phys. Rev.
Lett. 115, 036807 (2015).
[24] K. Mullen, B. Uchoa, and D. T. Glatzhofer, Phys. Rev.
Lett. 115, 026403 (2015).
[25] Y. Chen, Y. Xie, S. A. Yang, H. Pan, F. Zhang, M. L.
Cohen, and S. Zhang, Nano Lett. 15, 6974 (2015).
[26] Y. X. Zhao and Z. D. Wang, Phys. Rev. Lett. 110, 240404
(2013); ibid 116, 016401 (2016).
[27] Y. X. Zhao, A. P. Schnyder, and Z. D. Wang, Phys. Rev.
Lett. 116, 156402 (2016).
[28] Y.-Q. Zhu, D.-W. Zhang, H. Yan, D. Y. Xing, and S.-L.
Zhu, Phys. Rev. A 96, 033634 (2017).
[29] X. Tan et al., Phys. Rev. Lett. 120, 130503 (2018).
[30] A. A. Zyuzin and A. A. Burkov, Phys. Rev. B 86, 115133
(2012).
[31] X. S. Tan, Y. X. Zhao, Q Liu, G. M. Xue, H. F. Yu, Z.
D. Wang, Y. Yu, Phys. Rev. Lett. 122, 010501 (2019).
[32] C.-X. Liu, P. Ye, and X.-L. Qi, Phys. Rev. B 87, 235306
(2013).
[33] M. N. Chernodub, A. Cortijo, A. G. Grushin, K. Land-
steiner, and M. A. H. Vozmediano, Phys. Rev. B 89,
081407(R) (2014).
[34] A. G. Grushin, J. W. F. Venderbos, A. Vishwanath, and
R. Ilan, Phys. Rev. X 6, 041046 (2016).
[35] Z.-M. Huang, J. Zhou, and S.-Q. Shen, Phys. Rev. B 96,
085201 (2017).
[36] S. Roy , M. Kolodrubetz, N. Goldman and A. G Grushin,
2D Mater. 5, 024001 (2018).
[37] B. Amorim, A. Cortijo, F. De Juan, A. G. Grushin, F.
Guinea, A. Gutie´rrez-Rubio, H. Ochoa, V. Parente, R.
Rolda´n, and P. San-Jose, Phys. Rep. 617, 1 (2016).
[38] A. Vaezi, N. Abedpour, R. Asgari, A. Cortijo, and Mar´ıa
A. H. Vozmediano, Phys. Rev. B 88, 125406 (2013).
[39] M. Lewenstein, A. Sanpera, V. Ahufinger, B. Damski, A.
S. De, and U. Sen, Adv. Phys. 56, 243 (2007).
[40] I. Bloch, J. Dalibard and S. Nascimbe`ne, Nat. Phys. 8,
267 (2012).
[41] I. Bloch, J. Dalibard, and W. Zwerger, Rev. Mod. Phys.
80, 885 (2008).
[42] D.-W. Zhang, Y.-Q. Zhu, Y. X. Zhao, H. Yan, and S.-
L.Zhu, Adv. Phys. 67, 253 (2018).
[43] J. Dalibard, F. Gerbier, G. Juzeliunas, and P. O¨hberg,
Rev. Mod. Phys. 83, 1523 (2011); N. Goldman, G.
Juzeliu¯nas, P. O¨hberg, and I. B. Spielman, Rep. Prog.
Phys. 77, 126401 (2014).
[44] M. Aidelsburger, M. Atala, M. Lohse, J. T. Barreiro,
B. Paredes, and I. Bloch, Phys. Rev. Lett. 111, 185301
(2013); H. Miyake, G. A. Siviloglou, C. J. Kennedy, W. C.
Burton, and W. Ketterle, Phys. Rev. Lett. 111, 185302
(2013).
[45] M. Aidelsburger, M. Lohse, C. Schweizer, M. Atala, J.
T. Barreiro, S. Nascimbene, N. R. Cooper, I. Bloch, and
N. Goldman, Nat. Phys. 11, 162 (2015).
[46] G. Jotzu, M. Messer, R. Desbuquois, M. Lebrat, T.
Uehlinger, D. Greif, and T. Esslinger, Nature 515, 237
(2014).
[47] L. Huang, Z. Meng, P. Wang, P. Peng, S.-L. Zhang, L.
Chen, D. Li, Q. Zhou, and J. Zhang, Nat. Phys. 12, 540
(2016); Z. Meng, L. Huang, P. Peng, D. Li, L. Chen, Y.
Xu, C. Zhang, P. Wang, and J. Zhang, Phys. Rev. Lett.
117, 235304 (2016).
[48] X.-J. Liu, K. T. Law and T. K. Ng, Phys. Rev. Lett. 112,
086401 (2014).
[49] Z. Wu, L. Zhang, W. Sun, X.-T. Xu, B.-Z. Wang, J.-C.
Ji, Y. Deng, S. Chen, X.-J. Liu, and J.-W. Pan, Science
354, 83 (2016).
[50] M. Mancini et al., Science 349, 1510 (2015); B. K. Stuhl,
H. I. Lu, L. M. Aycock, D. Genkina, and I. B. Spielman,
Science 349, 1514 (2015).
[51] J. H. Jiang, Phys. Rev. A 85, 033640 (2012).
[52] T. Dubcek, C. J. Kennedy, L. Lu, W. Ketterle, M. Sol-
jacic and H. Buljan, Phys. Rev. Lett. 114, 225301 (2015).
[53] D.-W. Zhang, S.-L, Zhu, and Z. D. Wang, Phys. Rev. A
92, 013632 (2015).
[54] W.-Y. He, S. Zhang, and K. T. Law, Phys. Rev. A 94,
013606 (2016).
[55] Y. Xu and L.-M. Duan, Phys. Rev. A 94, 053619 (2016).
[56] D.-W Zhang, Y. X. Zhao, R.-B. Liu, Z.-Y. Xue, S.-L.
Zhu, and Z. D. Wang, Phys. Rev. A 93, 043617 (2016).
[57] H. Hu, J. Hou, F. Zhang, and C. Zhang, Phys. Rev. Lett.
120, 240401 (2018).
[58] D.-W Zhang, C.-J. Shan, F. Mei, M. Yang, R.-Q. Wang,
and S.-L. Zhu, Phys. Rev. A 89, 015601 (2014).
[59] B. Tian, M. Endres, and D. Pekker, Phys. Rev. Lett.
115, 236803 (2015).
[60] P. Schauβ, J. Zeiher, T. Fukuhara, S. Hild, M. Cheneau,
11
T. Macr, T. Pohl, I. Bloch, and C. Gross, Science 347,
1455 (2015).
[61] K. Levin, A. L. Fetter, D. M. Stamper-Kurn., eds. Ultra-
cold Bosonic and Fermionic Gases (Elsevier, Amsterdam,
2012).
[62] D. Xiao, M.-C. Chang, and Q. Niu, Rev. Mod. Phys. 82,
1959 (2010).
[63] N. Goldman, J. Dalibard, A. Dauphin, F. Gerbier, M.
Lewenstein, P. Zoller, and I. B. Spielman, Proceedings of
the National Academy of Sciences, 110, 6736 (2013).
[64] Z. Lin, J. Zhang, and Y. Jiang, Phys. Rev. A 86, 033625
(2012).
[65] K. V. Krutitsky, Phys. Rep. 607, 1 (2016).
[66] K. Jime´nez-Garc´ıa, L. J. LeBlanc, R. A. Williams, M. C.
Beeler, C. Qu, M. Gong, C. Zhang, and I. B. Spielman,
Phys. Rev. Lett. 114, 125301 (2015).
